It is well-known that a Lagrangian induces a compatible presymplectic form on the equation manifold (stationary surface, understood as a submanifold of the respective jet-space). Given an equation manifold and a compatible presymplectic form therein, we define the first-order Lagrangian system which is formulated in terms of the intrinsic geometry of the equation manifold. It has a structure of a presymplectic AKSZ sigma model for which the equation manifold, equipped with the presymplectic form and the horizontal differential, serves as the target space. For a wide class of systems (but not all) we show that if the presymplectic structure originates from a given Lagrangian, the proposed first-order Lagrangian is equivalent to the initial one and hence the Lagrangian per se can be entirely encoded in terms of the intrinsic geometry of its stationary surface. If the compatible presymplectic structure is generic, the proposed Lagrangian is only a partial one in the sense that its stationary surface contains the initial equation manifold but does not necessarily coincide with it.
Introduction
Most of the theories of fundamental interactions are naturally Lagrangian theories. Although classical field dynamics can be described at the level of equations of motion, the Lagrangian (or its substitute) is inevitable at the quantum level. Even classically, interactions are best described in the Lagrangian terms. Moreover, the existence of a Lagrangian description is often considered as an important selection criteria that a candidate theory ought to satisfy.
More practically, a typical question often met in applications is whether the given equations of motion are Lagrangian (=variational) or not. This is known as the inverse problem of variational calculus (see e.g. [1, 2, 3] for the introduction and original references). In its simplest version the question is whether a given system of partial differential equations (PDE) is the Euler-Lagrange equations derived from a local Lagrangian. Less trivial is the problem (known as the multiplier problem) whether the equation is defined as a submanifold of a given jet-space. A more general question is whether a given PDE can be equivalently reformulated as a Lagrangian one by performing a local invertible change of the variables and/or by adding/eliminating so-called auxiliary fields.
The difficulty in searching for a Lagrangian is that, on the one hand, the Lagrangian is defined on the jet-space (the space of all the dependent variables and their space-time derivatives, seen as independent coordinates), while, on the other hand, there is a huge ambiguity in realizing a given PDE in terms of one or another set of dependent variables so that apparently it is not clear which particular realization has a chance to be Lagrangian and which does not. A typical example is provided by the equations of motion of the massive spin-2 field whose Lagrangian formulation [4] requires introducing an auxiliary field.
A natural step is to try to formulate the problem in the invariant terms (=independent of the particular embedding). In the invariant approach to PDE [5] (for a modern exposition see e.g. [6, 7] ), which is well-known by now, a PDE is defined as a manifold equipped with the Cartan distribution or, in more down-to-earth terms, with a certain set of commuting vector fields. This manifold can be arrived at starting from a concrete realization of the PDE as a surface in the jet-space, singled out by the equations and their differential consequences. In so doing, the commuting vector fields determining the distribution are simply the total derivatives restricted to the surface. In contrast to the total derivatives, the naive restriction of the Lagrangian to its stationary surface does not have much meaning and hence can not encode the Lagrangian formulation.
There is, however, a well-defined geometric structure that the Lagrangian does determine on the equation manifold. This is the so-called canonical presymplectic structure: a closed and conserved (n − 1, 2)-form (i.e. n − 1-horizontal and 2-vertical; n stands for the space-time dimension) on the equation manifold. It was thoroughly discussed in the context of the covariant phase-space approach [8, 9, 10, 11] . In the case of 1 space-time dimension, this presymplectic structure becomes a usual (pre)symplectic form which is nondegenerate if gauge symmetries are not present. This was shown to characterize variational equations in 1d and to encode the respective Lagrangian [1] .
An attempt to generalize this to PDE was made by Khavkin [12] , based on the earlier important developments of [13, 14] . It was demonstrated that given a concrete realization of a PDE, any compatible presymplectic structure can be lifted to a Lagrangian whose stationary surface contains the equation manifold of the initial PDE. However, this construction depends on an apparently arbitrary choice of the explicit realization.
An independent construction of a Lagrangian in terms of a presymplectic structure was proposed in [15] in the context of the super-geometrical description of gauge theories. In particular, it was demonstrated that given a manifold equipped with a presymplectic form compatible with a homological vector field, this data determines a natural Lagrangian in terms of the field, taking values in the manifold. In this way one can naturally reformulate nearly any Lagrangian gauge system, giving a geometrical setup for the socalled frame-like formulations well-known in the literature. This construction is deeply related to the BRST-BV formalism for gauge theories [16, 17] (a useful pedagogical exposition can be found in e.g. [18] ) and can be seen as a presymplectic generalization [15] of the familiar AKSZ sigma model approach [19] .
In this work we demonstrate that the adapted version of the Lagrangian proposed in [15] can be defined for a generic equation manifold equipped with a compatible presymplectic structure. A remarkable feature of the construction is that the Lagrangian (called "intrinsic" henceforth) is built in terms of the intrinsic geometry of the equation manifold and does not refer to any particular realization of the equation. This is so because the dependent variables for the intrinsic Lagrangian are the coordinates of the equation manifold itself. However, not all the coordinates give rise to genuine fields for the intrinsic Lagrangian because those on which the Lagrangian does not actually depend are interpreted as pure gauge ones and are to be eliminated, resulting in the formulation with finite number of dependent variables. Note that formulating a given PDE in such a way that dependent variables are coordinates on the stationary surface underlies the so-called unfolded formalism [20, 21, 22] , originally developed in the theory of higher spin fields.
It turns out that the intrinsic Lagrangian is in general only a partial one in the sense that its equations of motion are consequences of the original equations. However, we show that for a wide class of theories including, for instance, Yang-Mills theories and Einstein gravity, the intrinsic Lagrangian built out of (a properly chosen representative for) the canonical presymplectic structure is equivalent to the initial one. It is important to note that not all physically interesting systems belong to this class. For instance massive spin-2 field (as well as massive higher spins) does not belong.
Presymplectic form on the stationary surface

Jet-bundle and variational bicomplex
Now we recall the basic notions of jet-bundle and variationsl calculus. Further details can be found in e.g. [7, 6, 23] .
Without trying to be maximally general let us concentrate on a system of PDE with dependent variables φ i and independent variables x a , a = 1, . . . , n. More geometrically, the starting point is the bundle F over the space time (where x a are local coordinates) and whose fibres are cordinatized by φ i . For simplicity, we always work locally and avoid any global geometry subtleties.
The associated jet-bundle J = J ∞ (F ) can be coordinatized by x a , φ, φ a , φ ab , . . .. It is equipped with the total derivative
on J is a differential form that can be represented as a pullback from J k (F ) (finite-order jet-bundle) i.e. it depends on only a finite number of the coordinates. The exterior algebra Ω(J) of local forms is equipped with the horizontal 
A system of partially differential equations (PDE) is a collection of local functions E α [φ] satisfying certain regularity assumptions. Together with all their total derivatives functions E α determine a surface (called equation manifold or stationary surface) M in J. More precisely, the surface is determined by A given PDE (M, d h ) can be explicitly realized as an explicit system of PDE using one or another jet-bundle. There is however a somewhat distinguished realization, where the jet bundle is naturally determined by the equation manifold itself. We discuss this realization in Section 2.3.
Lagrangian and the presymplectic structure
The standard understanding of a variational PDE is as follows: equation M ⊂ J , where M is understood as a submanifold of a given jet-bundle J , is called variational if there exist a local
n such that the prolongation of
Note that in the formulation where the equations are explicitly variational the number of equations coincides with the number of dependent variables. Here and below we employ the following useful notations:
Note the relation dx c (dx)
, where [ ] denotes the total antisymmetrization of the enclosed indices.
Given a variational PDE determined by the Lagrangian L the naive restriction of L to the equation manifold M does not make much sense. However, the Lagrangian does determine an exact (n − 1, 2)-form σ on M in a natural way. More precisely, one first defines an (n − 1, 2)-form χ on the J by
where E i are the EL equations (2.5). That χ exists follows e.g. from the explicit structure of E i . Then one takes presymplectic form σ to be σ = d v χ. Forms χ and σ pulled back to M are denoted by χ and σ respectively. It turns out (see e.g. [12] ) that on the equation
the same σ so that adding total derivative to L doesn't affect σ. The form χ is defined
The generaliztaion to higher derivative Lagrangians is straitforward.
In most of the application L = L(x, φ, φ a ). In this case χ and σ read explicitly as
Being closed, the presymplectic structure on M should be exact σ = dA for some
By pulling back this equality to M one gets
Following, [12] , for a generic equation
The equation equipped with a compatible presymplectic structure is denoted by (M, d h , σ).
Intrinsic embedding of a PDE
Suppose we are given with an equation (M, d h ) given in the intrinsic terms i.e. there is a manifold M with coordinates ψ A , x a equipped with
Recall, that by assumption M is a bundle over the space of independent variables x a . It is assumed that (M, d h ) can be embedded into some jet-bundle but neither bundle nor the embedding is specified.
Starting from (M, d h ) one can define an explicit realization of this equation. Before giving an invariant definition let us first present a component one. To this end let us promote all the coordinates ψ A on M to the fields ψ A (x) of a new system with the same independnet variables x a , and subject them to the following equations
Here and below by A(x) we denote a local horizontal form
The above equation is in fact equivalent to the starting point one. The idea to promote coordinates on the equation manifold of a given PDE to fields of a natural first-order reformulation of the same PDE underlies the so called unfolded formalism [20, 21, 22] . In particular, equations of the form (2.13) are known as unfolded ones (note though that strictly speaking in contrast to the unfolded formulation in the present setting all the fields ψ A (x) are zero forms, even if the system has gauge symmetries).
To describe the above realization in a more invariant terms let us consider a new jetspace J ∞ (M), namely the jet-bundle of the bundle M. In terms of coordinates, the new jet-space is coordinatized by x a , ψ A a , ψ A ab , . . .. Let us stress that the number of dependent coordinates is infinite but as we are going to see only finite number of them are involved in the construction.
On the new jet space one defines a horizontal differential D h (we use different notation not to confuse with d h ) in a usual way
In the new jet-space consider an equation manifold determined by the prolonongation of
It turns out that this equation manifold is isomorphic to the starting point one. Indeed, it is easy to see that x a , ψ A can be chosen as coordinates on this manifold so that it can be identified with the original one while the above equations merely say that the horizontal differentials do coincide (a proof based on the use of Koszule-Tate differential was given in [24] ; the case of linear equations was alredy in [25] )).
Intrinsic Lagrangian
Construction
As we have just seen the equation M can be embedded into the new jet-space
naturally build in terms of M itself. It turns out that given a compatible presymplectic form σ on M there is a natural first-order Lagrangian defined on the new jet-space. It is called the intrinsic Lagrangian henceforth.
The (n − 1, 2)-form σ is closed and hence is exact (recall that we restrict ourselves to local analysis). It is also conserved d h σ = 0 and hence d v -closed so that it is d v -exact i.e. σ = d v χ for some χ. It follows it can be written as
As we have already seen in the case where σ originates from the Lagrangian L one can simply take l = L| M so that χ + L| M is a pull-back of the generalized Poincare-Cartan form to the equation manifold.
Before giving an invariant definition of the intrinsic Lagrangian it is instructive to present a coordinate expression. Using coordinates
Note that χ A and σ AB are horizontal forms. Promoting all the coordinates ψ A to fields ψ A (x) the action associated to the intrinsic Lagrangian reads as
H is an (n, 0)-form on M called the covariant Hamiltonian. It satisfies
This can also be written as
In this form it is clear that (3.1) belongs to the class of Lagrangians put forward in [15] , as discussed in more details in Section 3.7. Note that a construction of l and H starting from σ as well as an alternative Lagrangian construction was put forward in [13] .
Using (3.2) it is easy to write down explicitly the component form of the equations of motion following from S C :
where A(x) denotes evaluation of a horizontal form A(ψ, x, dx) at ψ A = ψ A (x). In this form it is clear that these are consequences of the equations (2.15) and hence of the initial equations of motion.
In a more invariant language the intrinsic Lagrangian is an (n, 0)-form on the new jet-space
where π * is the pullback associated to the projection π of J ∞ (M) to M 1 and H is the so-called horizontalization map. It sends a form on the new jet bundle to its completely horizontal component i.e. it does not affect coefficients while on the basis differentials it is defiend as
For any local form α on J ∞ (M) we have the following property:
In particular, if instead of χ + l we take
e. in adding a total derivative. This in turn implies that the equivalence class of the intrinsic Lagrangian modulo total derivatives is determined by σ and does not depend on the choice of the potential χ + l.
Consider as an example a system whose Lagrangian L = L(x, φ, φ a ) is independent of second and higher-order derivatives and is such that its equations of motion do not impose algebraic constraints on the dependent variables φ i . This means that φ i | M remain independent and can be taken as part of the coordinates on M, which we keep denoting by φ i . The form χ is then given explicitly by
Because it is written in terms of De Rham differentials the component expression of its pullback to the new jet-bundle is unchanged. The decomposition into the new horizontal and vertical parts reads as
so that
Interpretation of the intrinsic Lagrangian
Although the intrinsic Lagrangian is defined on the jet-bundle with infinite amount of dependent coordinates it actually depends on only the finite amount of them. It is natural to treat all the dependent variables on which L C does not depend, as pure gauge ones and In the case at hand this can be performed as follows: the variation of the intrinsic action under δψ A (x) = ǫ A , where ǫ A are generic functions in x a , is given by Note that although at first glance the above argument deals with infinite dimensional manifold no subtleties may arise. Indeed, all the objects entering L C originate from finite jets and hence may only involve finite amount of coordinates. This means that as a first step one can safely disregards infinite amount of variables which are not involved at all to reduce the problem to a finite-dimensional one.
Dependence on the choice of presymplectic structure
As we have already seen the Lagrangian doesn't uniquely determine the presymplectic structure. The ambiguity is described by the following equivalence transformation:
where the (n − 2, 1)-form α is generic. Modulo d-exact terms this results in
The respective variation of the intrinsic Lagrangian is given by
An equivalent (modulo D h -exact terms) representation of the variation can be obtained
This is not always a total derivative. In other words the intrinsic Lagrangian does depend on the choice of σ representative. Note however, that for a given Lagrangian system the ambiguity in σ can be substantially reduced by requiring σ to have minimal derivative order. As we are going to see in the next section, by using a minimal first-order formulation one can completely fix the ambiguity in σ. In what follows we assume that the initial Lagrangian L does not have algebraic gauge symmetries. Moreover, we restrict ourselves to a class of natural Lagrangian systems defined as follows: a Lagrangian system is called natural if its action is equivalent to the one of the form 16) and such that its equations of motion do not imply algebraic constraints on the undifferentiated fields ϕ i . More precisely, the jet-space coordinate functions ϕ i pulled back to the equation manifold remain independent. Note that as a local form on the jet-space
The statement
Most of the theories of fundamental interactions (Einstein gravity, Yang-Mills, massless higher spin fields etc.). This can be easily seen by inspecting the well-known framelike Lagrangians of gravity and Yang-Mills. In the case of massless higher-spins framelike Lagrangians were proposed in [20, 21, 26, 27] . In fact there is a deep relation between frame-like Lagrangians and presymplectic structures observed in [15] but it becomes manifest only in the BRST extended version of the construction discussed briefly in Section 5. In mathematical literature Lagrangian system of the form (3.16) are known as multisymplectic and were studied in [14, 13] .
We have to stress, however, that not all physically interesting systems are natural. For instance massive spin-2 (as well as massive higher spins) does not belong to this class. Proof. Equivalent Lagrangian formulations result in equivalent presymplectic structures on the equation manifold so that without loss of generality let us assume that we start with the first order Lagrangian (3.16). The respective presymplectic structure reads as
If by slight abuse of notations ϕ i restricted to M are also denoted by ϕ i , then in the coordinate system on M such that x a , φ i are part of the coordinates one has
Furthermore, the intrinsic Lagrangian (3.9) takes the form 19) which explicitly coincides with the starting point first order Lagrangian (3.16) provided one disregards all the dependent variables besides ϕ i . Recall that according to our interpretation of the intrinsic Lagrangian all the variables of which it's independent, are to be gauged away.
Let us note that in the above argument the representative σ = d v χ of the presymplectic structure is quite distinguished. Indeed, the derivative order of σ is zero (only undifferentiated ϕ i enter). Any distinct representative σ
volves derivatives of ϕ.
Symmetries and conservation laws
By definition a variational symmetry is a vertical evolutionary vector field V on J preserving the Lagrangian modulo a total differential, i.e. V x
It is clear that V is tangent to M and hence determines an evolutionary vertical vector field V = V | M on M. This preserves the presymplectic structure up to an equivalence. To see this let us rewrite explicitly the definition of χ using the Euler operator δ E :
Applying the Lie derivative L V to both sides and using
, one finds: 22) where the second equation is obtained by restricting to the equation manifold. This means that a variational symmetry preserves the equivalence class of σ.
Suppose that a vertical vector field V on M is a symmetry preserving the equivalence class of σ. I.e.
[
The presymplectic structure determines a map from the compatible symmetries to conservation laws. More precisely, let us define (n − 1, 0)-form H V by In the case where σ originates from a genuine Lagrangian the above map is just the one of the Noether theorem and is one-to-one after modding out the gauge symmetries. For generic σ the map is still defined but in general is not one to one. 3 Finally, consider the variation of the intrinsic Lagrangian under δψ
given by (modulo total derivatives)
The first term is a total derivative. The second one vanishes provided a proper choice of H V . However, the third one is in general nonzero. For natural systems and properly chosen σ, V still determines a symmetry but its action of ψ A has to be modified. Note also that if V strictly preserves σ then δL C = D H H V .
Relation to parent action
The intrinsic Lagrangian can be systematically derived from the so-called parent Lagrangian formulation [32, 33] . To illustrate the relationship let us work in the simplified setting where L = L(φ, φ a , φ ab ) and no explicit x a -dependence is allowed.
Given a system with Lagrangian L = L(φ, φ a , φ ab ) the respective parent action [32] reads as .28) where . . . denote further terms of the similar structure involving π abc etc. and all variables π ab... are assumed totally symmetric. Its equations of motion read as
It is easy to see that the Euler-Lagrange equations
determined by L are consequences of (3.29).
Considering the manifoldM of independent variables x a and dependent variables of the parent system in place of M one finds that the parent action can be written as Moreover, it is easy to check directly that the pullback ofχ and H to M explicitly coincides with the presymplectic potential χ and the covariant Hamiltonian H determined by the Lagrangian L on its own equation manifold. This gives an alternative way to arrive at these structures. Furthermore, under certain assumptions one can actually derive the intrinsic Lagrangian by eliminating the auxiliary fields in the parent action. Let us also note that for gauge theories the parent action naturally extends [32, 33] to the BV-BRST framework so that it can be used to derive a version of intrinsic Lagrangians whose gauge invariance is realized manifestly. In so doing the appropriate version of the presymplectic form σ originates from the odd symplectic structure of the parent BV formulation. It turns out that at least for usual gauge theories (gravity, YM theory, massless higher spins) such intrinsic Lagrangians coincide with the familiar first-order frame like Lagrangians.
BRST-like description
Till now we used the standard language of vertical and horizontal forms. It is instructive to reformulate the construction in the BRST-like language and to make contact with the presymplectic AKSZ models proposed in [15] .
To this end we promote dx a to Grassmann odd ghost coordinates ξ a . Both x a , ξ a coordinates are then regarded as horizontal. In so doing a usual (k, l)-form becomes a vertical l-form which carries ghost degree k while the horizontal differential d h becomes an odd nilpotent vector field Q = ξ a ∂ T a which acts on forms by the Lie derivative. To simplify the exposition we assume that all the basic objects do not depend explicitly on the space-time coordinates x a .
In these terms the presymplectic structure is a vertical 2-form of ghost degree n − 1 satisfying:
The definition of the covariant Hamiltonian H takes the form
Using ψ A , x a , ξ a as coordinates on ghost-extended M the above formula can be written as Q A σ AB = −∂ B H. This can be solved in terms of the potential χ = χ A d v ψ A for σ as
where l is a ghost-degree n function. It is easy to check that this is the same l as in (3.1).
In the case where σ is determined by a Lagrangian L one can take as l the restriction of L to the equation manifold.
Finally the expression for the intrinsic action takes the form
where ψ A is promoted to ψ A (x) while ξ a to dx a . If one also regards x a as another field, set to its background value, this action can be seen as that of the presymplectic AKSZ sigma model [15] whose target space is M extended by ghosts ξ a . The only subtlety is that fields associated to coordinates ξ a , x a are interpreted as background fields. 
Examples
Pseudo 2nd order Lagrangian
Let us consider a standard Klein-Gordon Lagrangian but written as L = − 1 2 φη ab φ ab where η ab is the inverse metric. We have (keep using φ, φ a to denote respective coordinates on the stationary surface)
The intrinsic action takes the form
and indeed differs from a standard first-order action (φ a ∂ a φ − φ a φ a we would have arrived at the standard first order action.
Polywave equation
The simplest genuine higher derivative example is L =
φ aa φ bb (here and below φ aa = η ab φ ab and as before we use φ, φ a , φ ab , φ abc as part of the coordinate system on the stationary surface). One has
and
Note that the action depends on only the following variables φ, φ a , φ cc , φ acc but not on the traceless component of φ ab and φ abc . It is easy to check that this action is equivalent to the starting point one: indeed, varying with respect to φ a and φ acc gives φ a = ∂ a φ and φ acc = ∂ a φ cc so that these equations can be algebraically solved for φ a , φ acc . Substituting the solution back to the action gives
Next, varying w.r.t. φ aa gives φ aa = ∂ a ∂ a φ. Substituting this into the above action gives the starting point action.
The above example gives a nice illustration of how the intrinsic Lagrangian construction automatically selects a set of auxiliary fields required for the minimal first-order formulation. More precisely the set of field consist of those coordinates the stationary surface on which the intrinsic Lagrangian actually depends (so that they survive the elimination of the pure gauge variables).
YM theory
The YM field is A a that takes values in a Lie algebra g equipped with an invariant inner product , . We will use notation A
The Lagrangian is given by (invariant summation over the repeated indices is assumed ) The one form χ and the covariant Hamiltonian are given by
The intrinsic action takes the following form
and is clearly equivalent to the starting point action through the elimination of F ab by its own equations of motion. This is just the familiar first-order form of the YM action.
Towards BRST extension: example of gravity
Although all the above discussion applies to systems with gauge symmetries the gauge invariance was not explicitly taken into account. This can be systematically done using the BRST or more precisely (a generalization of the) Batalin-Vilkovisky formalism through the introduction of ghost variables and antifields. Here we only need a minimal set of structures.
Suppose that the PDE under consideration possesses gauge symmetries, i.e. a family of symmetries whose parameters are arbitrary functions of x a . To describe gauge systems it is convenient to extend the set of dependent variables by ghosts c α which are gauge parameters with the flipped Grassmann parity. We restrict ourselves to the case of irreducible gauge symmetries and hence ghosts-for-ghosts are not present. It is also convenient to introduce a degree, called ghost degree, such that gh(c α ) = 1 while gh(x a ) = gh(φ i ) = 0. The jet-space is extended to incorporate ghosts and their spacetime derivatives c α ab... . The gauge transformations are encoded in the BRST differential γ, which is an odd ghost degree 1 vertical evolutionary vector field on the extended jetspace. γ is assumed to preserve the equation manifold M and hence determines symmetry of the equation. That γ incorporates a compatible set of gauge symmetries, is encoded in the extra condition that γ 2 | M = 0.
Suppose that the system is variational and let L be the respective Lagrangian. Gauge symmetries encoded in γ are said Lagrangian if γL = d h j for some (n − 1, 0)-form j. Note that it can be natural to relax this condition to include symmetries equivalent to Lagrangian ones (two symmetries are equivalent if they coincide on the stationary surface). It is clear that Lagrangian symmetries are automatically PDE symmetries.
It is easy to read off gauge transformation of φ i from γ: namely if ǫ α are gauge parameters then
That commutator of two gauge transformations is again a gauge transformation (on the stationary surface) is encoded in γ 2 | M = 0.
It is useful to consider a ghost-extended equation manifold E, which is M, extended by the ghost variables and their derivatives, and equipped with γ = γ| E . If we denote by x a , ψ A , C I the coordinates on E, where C I stand for all jet-space coordinate associated with the ghosts (i.e. c α , c α a , . . .) then γ has the following form
It is clear that, thanks to γ 2 = 0, the vector fields R I determine an integrable distribution (called gauge distribution) on M compatible with the Cartan distribution determined by d h . To summarize, the ghost extended equation manifold is equipped with horizontal differential d h (which now also acts on ghosts) and the gauge differential γ satisfying
In a direct analogy with the usual case discussed in Section 2.3, given a ghost extended equation manifold (E, d h , γ) one can construct a natural realization of this gauge PDE in the intrinsic terms of E. More precisely, one promotes each coordinate on E (besides x a , ξ a ) to a field depending on x a which is a differential form whose degree is a ghost degree of the coordinate. In our case ψ A give rise to the 0-forms ψ A (x) while C I to 
The gauge symmetries of these equations are also determined by the differential d h − γ and can be written as
More structural and uniform description is achieved in terms of the full-scale BRST-BV formalism and can be found in [24] (see also [32, 33] ) where the above formulation was proved equivalent to the starting point one.
An important property of the parent formulation is that contractible pairs for the differential γ on E, which are by definition coordinates w a , v a such that the equations γw a = 0, w a = 0 are equivalent to v a = V a (remaining coordinates), correspond to the so-called generalized auxiliary fields which comprise usual auxiliary fields and pure gauge (Stueckelberg) variables. Addition/elimination of such variables leads to an equivalent realization of the gauge system.
Let us concentrate on the case of diffeomorphism-invariant theories. Under rather general assumptions one can prove that by eliminating generalized auxiliary fields the system can be reformulated in such a way that d h disappears from the equations of motion and gauge symmetries. More precisely, the system becomes an AKSZ sigma-model whose target space is the ghost-extended equation manifold E (but with coordinates x a eliminated) equipped with the differential γ (see e.g. [24] and references therein for more details). In particular the equations of motion take the form
Upon the elimination of contractible pairs γ-differential on E determines a reduced differential Q on E. Its explicit form is not known in general but it is easy to find how it acts on ghosts:
The variables e a , ω ab , and W ab cd;... provide a minimal formulation of the on-shell BRST complex for gravity and are known as generalized connection and tensor fields. This concept is applicable to a general gauge theory and was put forward in [36, 37] . Note that the supermanifold E of this variables equipped with Q data encodes all the information of the initial gauge theory. Indeed, as was shown in [24] , taking E as a target space of the AKSZ sigma-model gives an equivalent formulation of the initial system so that the system is reconstructed. This model is precisely the minimal unfolded formulation. Analogous considerations apply to nearly generic gauge theory.
Given E equipped with Q let us look for a compatible presymplectic structure, which in is this case is a 2-form σ of ghost-degree n − 1 satisfying (cf. the intrinsic action has the form of a presymplectic AKSZ model (see [15] for more details)
n−2 ab , (5.13) 6 More precisely, if one starts with the ghost-extended jet-space of gravity, then it is easy to eliminate contractible pairs for γ. This results in the reduced jet-space equipped with the reduced differential Q whose structure is known explicitly (see e.g. [36] ). The reduced differential on the equation manifold is then obtained by restricting Q to the equation manifold. Because equations impose no constraints on the ghosts and imply that Riemann tensor equals the Weyl tensor one immediately arrives at (5.9). To find how Q acts on covariant derivatives one needs to use the equations of motion to explicitly express the restriction of Q in terms of the coordinates on the equation manifold.
and is just the usual gravity action in the frame-like formulation. Note that the action is explicitly independent of W -variables and hence these are to be disregarded. The above considerations easily extends to the case of nonvanishing cosmological constant.
The above construction is a slightly improved version of that from [15] . The important difference, however, is that the frame-like formulation is systematically constructed starting from the ghost-extended equation manifold. Nearly all the examples from [15] can easily be reformulated in the same way.
Conclusions
As concluding remarks let us discuss open problems and further perspectives. First of all, a conceptual drawback of the proposed construction is the lack of an invariant characterization of a class of natural Lagrangian systems. We have only succeeded to characterize them implicitly as those systems whose Lagrangian can be brought to the specific firstorder form by the local field redefinition and eliminating/adding auxiliary fields and/or pure gauge variables.
As we have seen for natural systems the Lagrangian formulation is encoded in the compatible presymplectic structure on the equation manifold. The question is then how the Lagrangian formulation can be encoded in the intrinsic geometry of the equation manifold in the general case. Given a compatible presymplectic structure which does not necessarily originate from a Lagrangian (e.g. in the case where the Lagrangian is not known or does not exist) the intrinsic Lagrangian can still be used to perform (at least formally) a path-integral quantization of the system. In so doing the remaining equations of motion (those that do not follow from the intrinsic Lagrangian) are to be imposed as constraints. The idea to use a compatible presymplectic structure as a substitute of Lagrangian was also discussed recently in [28] .
Finally, let us mention that the formalism developed in this work is closely related to the de Donder-Weyl covariant Hamiltonian formalism (see, e.g., [38, 39, 40] ). For instance, in the simplest cases the covariant Hamiltonian H coincides with the one of the de-Donder Weyl approach (see the respective discussion in [15] ). In spite of this similarity, the detailed relationship is not known in the general case.
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